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REGULAR  INVERSION  OF  THE  DIVERGENCE  OPERATOR  WITH 
DTRICHLET  BOUNDARY  CONDITIONS  ON  A  POLYGON* 


DOUGLAS  N.  ARNOLD,!  L.  RIDGWAY  SCOTT,!  and  MICHAEL  VOGELIl  S§ 

Abstract.  VVe  consider  the  existence  of  regular  solutions  to  the  boundary  value  problem  divU  =  / 
on  a  plane  polygonal  domain  Q  with  the  Dirichlet  boundary  condition  U  =  g  on  dO,.  We  formulate 
simultaneou  ly  necessary  and  sufficient  conditions  on  /  and  g  in  order  that  a  solution  U  exist  in  the 
Sobolev  spa' e  Wp"*'’(n).  In  addition  to  the  obvious  regularity  and  integral  conditions  these  consist  of 
at  most  on<'  compatibility  condition  at  each  vertex  of  the  polygon.  In  the  special  case  of  homogeneous 
boundary  data,  it  is  necessary  and  sufficient  that  /  belong  to  Wp(n),  have  mean  value  zero,  and  vanish  at 
each  vertex.  (The  latter  condition  only  applies  if  s  is  large  enough  that  the  point  values  make  sense.)  We 
const  ruct  a  ^  ilution  operator  which  is  independent  of  •)  and  p.  As  intermediate  results  we  obtain  various 
new  I  race  th  'orems  for  Sobolev  spaces  on  polygons. 

Key  words,  divergence,  trace,  Sobolev  space 

AVIS(MOS)  subject  classifications.  35'i65,  40  ^35 


1.  Introduction.  The  constraint  of  incompressibility  arises  in  many  problems  of 
physical  interest.  In  its  simplest  form  th  s  constraint  is  modelled  by  the  partial  differential 
equation 

div  U  =  0  in  fi, 

when'  U  could  be,  for  example,  the  velocity  ield  in  the  Navier-Stokes  equations  or  the 
displacement  field  in  the  equations  of  incompre  .sible  elasticity  and  R  is  the  spatial  domain. 
Often  in  the  analysis  of  such  problems  the  inh  »mogeneous  equation 

(1.1)  div  U  =  /  in  R 

is  introducc’d  and  the  question  of  the  existence  of  regular  solutions  to  this  equation  arises. 
If  no  boundary  conditions  are  imposed,  then  it  is  easy  to  see  that  solutions  to  (1.1)  may 
be  found  which  are  as  regular  as  the  regularity  of  /  permits.  That  is,  if  /  belongs  to  the 
Sobolev  space  Wp{Q,)  for  some  s  >  0  and  1  <  p  <  oo  then  there  exists  a  solution  U  in 
^*■^*(0).  To  show  this  it  suffices  to  define  U  =  gradu  where  u  G  is  a  solution  - 

*This  research  was  partially  supported  by  NSF  grant  DMS-86-01489  (  )NA),  NSF  grant  DMS-86-133.")2 
(LIIS),  ONR  contract  N00014-8.5-K-01G9  (MV),  and  the  Sloan  Foundation  (MV).  Each  of  the  authors  was 
in  res  deuce  and  further  supported  by  the  Institute  for  Mathematics  anil  its  Applications  for  part  of  the 
time  thi.s  research  was  being  performed. 
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of  Poisson’s  equation  An  =  j .  Note  that  there  exist  such  regular  solutions  of  Poisson’s 
equation  even  on  a  domain  whose  boundary  is  asamied  no  more  regular  than  Lipschitz, 
since  we  can  always  extend  /  to  a  smoothly  bound 'd  domain  and  solve  a  regular  boundary 
value  problem  for  Poisson’s  equation  (such  as  the  Dirichlet  problem)  on  the  larger  domain. 
The  existence  of  regvdar  stdutions  to  (1.1)  wit'i  specified  boundary  values 

(1.2)  U  =  g  on  JO. 

is  more  subtle.  An  obvious  necessary  condition  fo  •  the  existence  of  such  a  solution  is  that 

(1.3)  //  =  /divU=  f  I  y=  f  g  •  v. 

JQ  JQ  Jon  -JdQ 

If  Q  is  a  smoothly  bounded  planar  domain,  /  £  P'^^(fl),  g  G  for  s  >  0  with 

s  —  1/p  nonintegral,  and  (1.3)  holds,  then  a  sinq  le  construction  of  a  solution  U  of  (1.1), 
(1.2)  in  11  (Q)  is  possible.  For  exami)le,  consich  r  the  case  g  =  0  and  suppose  fl  is  simply 

connected.  First  hd  u  E  IFp‘^^(Q)  be  a  solution  t.>  Poisson’s  equation  as  above.  Then  the 
normal  ch  livative  dn/dy  and  the  tangential  derivative  du/da  are  in 
/an  =  0-  We  can  thus  find  u>  E  l'F^f‘*'^(fI)  such  that 

dw,  dy  =  du/da,  dw/da  =  -dn/dy  m  dO., 

or,  equivalently, 

curl  w  =  —  gradu  on  dVl. 

(By  curin'  we  mean  the  vectorfield  {du'/dy,-du/dx)).  Setting  U  =  gradu  +curlu>  gives 
the  desired  solution. 

If  di}  is  not  sufficiently  smooth,  then  this  argument  fails  and  the  existence  of  w  is  far 
from  ol)vi()us.  In  this  paper  we  consider  the  cas<'  of  polygonal  with  sides  denoted  by 
r„.  Returning  to  the  general  case,  we  .show  that  if  /  belongs  to  IFp(ff),  g|r^  belongs 

to  W/,  ^(r„)  for  each  n.  and  /  and  g  s  itisfy  (1.3)  and  some  further  necessary 
compjitibility  conditions,  then  (1.1)  admits  a  11  solution  U  satisfying  the  boundary 
condition  (1.2).  Somewhat  surprisingly,  the  con  )atibility  conditions  required  for  s  =  2, 
one  condition  per  vert<  c  in  addition  to  (1.3),  an  sufficient  for  all  higher  s.  These  results 
have  already  been  appl  ed  in  [2],  [6],  and  [S]. 

2.  Preliminaries.  We  will  introduce  a  vari<  ty  of  function  spaces  allied  to  the  Sobolev 
spaces.  For  the  convenit  nee  of  the  reader  we  list  here  our  notation  for  each  and  the  equation 
number  nearest  the  defi.iition. 


\v;{n) 

(2.1); 

H';(f2) 

(2.1); 

w;,{Q) 

(2.1); 

(3.1); 

-v;; 

(5.1); 

(0.1); 

z;m) 

(0.3); 

(6.1  1); 

v;in) 

(7.1). 
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Throughout  the  letter  C  is  used  to  denote  a  generic  constant,  not  necessarily  the  same 
from  one  occurence  to  the  next.  For  C  R"  a  domain  with  Lipschitz  boundary  (as  defined, 
for  example,  in  [3,  Definition  1.2. 1.1]),  and  /  €  C°°{Cl)  we  define  the  usual  Sobolev  norms 
for  1  <  p  <  CO  and  s  >  0: 


(2.1) 


ll/ll" 


p,n 


r  ii/ir 


LP(n)' 


LP{n) 


+ 


IJ 

.  n  Ju 


l/(^)-/(y)r 


y\ 


>t+»p 


dx  dij. 


■s  =  0, 

0  <  s  <  1, 

1  <  s  <  oo. 


(Hf're  [.s]  denotes  the  greatest  integer  not  exceeding  ,s.)  The  spaces  TT'p(Q)  and 
are  defined  to  be  the  closures  of  C^(D)  and  respectively,  relative  to  these  norms. 

There  exists  a  bounded  linear  extension  operator  from  IVp(Q)  into  irp(R")  (even  if  tin 
boundary  is  only  Lipschitz).  Cf.  [3,  Theonm  1.4.3. Ij.  For  s  >  1/p  the  functions  in  \V^(Q) 
have  well-defined  traces  on  OQ.  If  s  >  1  then  IV'p(f2)  H  Wp(Q)  =  {  r  €  IFp(f2)  |  v  = 
0  on  dil).  We  denote  by  n'p(n)  the  sul  space  of  n'p(Q)  consisting  of  elements  whose 
integral  is  zero.  For  details  and  more  information  regarding  Sobolev  spaces,  we  refer  the 
reader  to  [1],  [3],  [7],  and,  for  the  case  p  =  2,  to  [5]. 

We  shall  also  rociuire  the  Sobolev  norms  for  functions  defined  on  Lipschitz  curves  in 
R'*,  in  particular  for  an  open  subset,  F,  of  the  boundary  of  a  polygon.  For  a  Lipschitz 
curve,  the  norms  ||  •  ||,,p,r  nia}'  be  defined  for  0<s<l,l<p<  oc,  via  charts.  Moreover, 
for  ]/p  <  s  <  1,  the  trace  oi)erator  maps  \V’{Q)  boundedly  onto  \Vp~^^^{dQ).  See  [3, 
The<.rcm  1. 5.1.2].  (The  norms  ||  ■  \\s,p,r^  •«  >  1.  “bt  well-defined  unless  F  is  more 
regul.ir. ) 

\''e  recall  some  properties  of  these  spaces  when  the  domain  of  definition  is  a  broken 
line  st'gment.  (Cf.  [4]  or  [3,  Lemma  1.5.1.S].)  Suppo.se  Fj  and  F2  are  line  segments  in  R- 
iutersecting  at  a  common  endpoint,  c,  !md  let  /  be  a  function  on  F  =  Fj  U  F2.  Then  for 
1  <  p  <  00  and  0  <  .s  <  1/p,  /  e  1F/(F)  if  and  only  if 


(2.2) 


/Ir.  G  IF:(F,).  /Ir,  G  H';(F2). 


Morc<  )ver,  the  norm 


(2.3)  +  Wfh.ps, 

is  equivalent  to  the  IVp’(F)  norm.  For  1/p  <  .s  <  1,  /  G  11  p(F)  if  and  only  if  (2.2)  holds  and 
/  is  continuous  at  r.  (Note  that  (2.2)  implies  the  continuity  of  /  everywhere  else  in  view 
of  the  Sobolev  imbedding  theorem).  In  this  case  too  we  have  ('(juivalence  of  norms.  The 
case  .s  =  l//>  is  more  involved.  Let  Oj  denote  t!i<*  unit  direction  along  Fj  i)ointing  toward 
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c,  and  let  denote  the  unit  diiertion  along;  Fj  ]>  anting  away  from  c.  Then  /  G 
if  and  oidy  if  (2.2)  holds  and 

^vif)  =  f  -  tai)  -  ,  (z  +  ta2)\’’ (It  <  oo 

where  e  is  a  positive  niimb(‘r  not  exceeding  the  he  i;ths  of  F i  or  F2.  In  this  case 

defines  a  norm  equivalent  to  l|/l|i/p,p,r- 

If  F]  and  F2  are  collinear,  so  F  is  a  line  segment,  one  can  easily  extend  these  results  to 
determine  when  /  belongs  to  U’^(F)  for  s  >  1.  Namely,  if  s  —  l/jj  is  not  an  integer,  then 
/  G  IFp(F)  if  and  only  if  (2.2)  holds  and  the  tangential  derivatives  are  continuous  at 
c  for  0  <  A'  <  s  —  1/p.  If  this  case,  (2.3)  is  an  equivalent  norm  on  n'p(F).  If  s  —  1/p  is  an 
integer,  it  is  required  in  addition  that  /(!(/*''’“ '/^^ )  <  00  and  then  [||/||^,p,ri  +  ll/lli.p.Pj  ■*" 
)]'^^  is  an  equivah'iit  norm  on  U'/(F). 

We  close  this  section  with  two  lemmas  concerning  the  space  on  a  sector.  Let 

Sa  =  { ('■  cosf^.  r  sin  ^)|0<r<l,  0<^<a},  Ff  =  {(r  cosa,  r  sin  a)  |  0  <  r  <  1  },  and 

=  { (^'^)  i  ^  ^  <  M-  Then  F‘*  ;=  F"  U  FJ  U  (0,0)  is  the  linear  part  of  the  boundary 

of  S^.  By  7u  we  denote  the  trace  of  the  function  u  on  F". 

Lem.M.a  2.1.  Let  o  G  (0,2;r).  Then  the  trace  operator  7  maps  IFp^*’(5o)  continuously 
into  IFp/'’.  F"). 

Proof.  For  p  >  2  this  lemma  follows  immediately  from  the  trace  theorem  quoted  earlier 
([3.  Theoi  m  1.5. 1.2])  since  then  s  =  2/p  <  1.  For  1  <  p  <  2  we  first  show  that  7  maps 
IFp(5q)  continuously  into  IFp~*^'’(F"),  2/p  <  t  <  1  +  l/p.  Indeed,  if  u  G  IFp(S„), 
then  7t(|r'>  G  Wj,  *^^(F“),  and  since  t  >  2/p,  pu  is  also  continuous  at  the  origin.  As 
t  -  1/p  <  1,  this  implies  that  7;/  G  Up  '  ^’(F").  Furthermore,  we  know  that  7  mai)s 
IFp(Srt)  continuously  into  Up*  The  conclusion  of  the  lemma  now  follows  by 

interpolation.'  Q 

'  riic  fractional  order  spaces  H'p(.S'„)  may  also  l«  defiiK'l  l)y  real  interpolation  between  two  con.secijl i ve 
integer  orilers.  This  is  t  lie  approach  ii.seci  in  [I.  Ch  7],  wli  re  t  he  s|ieciFic  interpo  at  ion  process  is  defined 
rile  e(|iiivalcnc€‘  with  the  definition  given  here  is  shown  in  [1,  I  heoiem  7. -18]  Similarly  the  spaces  ll'pi  1) 
for  an  interval  /  may  be  defined  by  real  interpolation  belw<-  n  intege  orders.  The  s.aine  holds  for  the  sjw  os 
"  pfl  '*)  for  0  <  .s  <  1,  because  these  are  delined  by  piilli  g  bark  i  le  spaces  It  ’  I)  via  Lipschitz  <ha.is. 
Since  1  <  /  <  2  It  is  possible  to  interpolate  between  U'p(.S'„  >  and  It’^t  s',, )  and  since  0  <  l-l/p<  t-l/p<  1 
It  IS  fiossible  to  interpolate  betwe*-n  It  p  j  Choosing  the  interpolation  iiulex 

appropriately  we  get  that  y  maps  U'p'^^(.S'„)  continuously  into  ll / ^  f  I  '*  ). 


RciUcirks.  (1)  If  a  varies  iu  a  compact  subiiiiorval  of  (0,27r),  then  the  distance  between 
l)oints  .;  |  £  F,'  and  .r ,  G  F?  is  ('(piivalent  to  ih<;  sum  of  the  distances  of  x’l  and  x  >  to 
(lie  orif;in,  uniformly  in  o.  C'onscfpiently,  the  equivalence  of  the  norm  in  (2.4)  and  the 
IF^I'^'’(F"  )  norm  is  uniform  in  a.  It  is  then  easy  to  see  that  there  is  a  single  constant  which 
bounds  I  he  norm  of  the  trace  operator  between  the  spaces  {Sa)  and  I'Fp^^(r“). 

(2)  Usin  ;;  a  partition  of  unity,  we  can  easily  extend  Lemma  2.1  to  show  that  trace  operator 
nmps  I'l  continuously  into  for  any  polygonal  domain  fl. 

The  next  lemma  relates  the  decay  of  the  trace  of  a  Wp^^  function  near  the  vertex  to 
the  deca  •  of  the  function  itself. 

Lf^M  lA  2.2.  Let  a  G  (0,2;:).  Then  there  exists  a  constant  C  such  that 


(2.5) 


f'  |a(.r, 

Jo  J’ 


0)1'' 


h.v<C 


/p,p.s 


ti{x.y)\> 


■^  +  y^ 


dx  dy 


and 

(2.G) 


for  all  u  € 

Proof.  Sup  )ose  6  lies  between  a/'2  and  a.  Then  9  is  bounded  away  from  0  and  2::. 
and  so  we  may  find  a  constant  C  depending  on  a  but  not  9  for  which 


f  r  ‘|i/(rc 
Jo 


cos  9,  r  sin  6*)  —  v  r,0)\^  dr  <  ^  p, 


Moreover  by  Lemma  2.1,  there  is  a  single  cons  ant  C  such  that 


holds  for  all  such  9.  Thus 


/  r  ‘|»('’d 

•A; 


())|^/r  <  r  ‘  |?/i  r  cost?,  r  sint?)|'’  dy  +  ||u| 


'i/p,p.S^ 


Integration  over  9  in  (n/2.o  )  giv('s  (2.5). 


-I'lillicr  C)f  the  two  iiitcgial.s  oniciiiig  in  (2.~>)  aii<  (2.G)  may  be  infinite.  In  that  case  the  ineiinalitio.- 
iin|)ly  tlial  tliey  botli  are  infinite. 


To  prove  (2.6)  it  suffices  to  show  that 


i 


D 


wl  ore  D  is  the  unit  disc,  since  we  can  always  extend  a  function  in  irp^^’(Sa)  to  OIK'  in 
\\  Considering  the  trace  of  1/  on  and  applying  Lemma  2.1,  we  see  that 


,,8) 


laj-.O)!' 


cLr  +  ||ji||? 


p 

2/p,p,D' 


Let  9  e  [7r/2,  37r/2].  Applying  the  lemma  again,  we  get 

r~'^\u{rcus9,rsmd)  -  u(r,0)|'’ Jr  <  <  C'||ii| 

wIk'ic  wc  may  choose  C  independent  of  9.  Consequently, 

(2.9)  r"^|u(7'cos^,  rsin0)|Pf/r  <  C  p  ^  +  j  |K(r,  0)|P  . 

Similarly  for  9  £  [0,7r/2]  U  [37r/2, 2?:],  we  may  consider  the  trace  of  u  on  the  boundary  of 
the  sector  formed  by  the  negative  x-axis  and  the  ray  emanating  from  the  origin  with  angle 
9  and  use  (2.8)  to  conclude  (2.9).  Integration  of  (2.9)  with  respect  to  d  6  (0,27r)  gives 
(2.7).  0 


3.  Tlie  main  theorem.  Homogeneous  Boundary  Conditions.  Let  Q.  denote 
a  (bounded  and  simply-connected)  polygonal  domain  in  the  plane.  Denote  by  Zj,  j  = 
1,2,  ...A',  the  vertices  of  fl  listed  in  order  as  dQ  is  traversed  counterclockwise,  and  by 
Fj  the  open  line  segment  connecting  Zj-\  to  Zj  (we  interpret  the  subscripts  on  z  and  F 
modulo  N).  We  explicitly  assume  that  the  magnitude  of  the  ;  ngle  formed  by  F^  and  I 
at  Zj  lies  sti  ictly  betwc'  n  0  and  27r,  i.e.,  we  exclude  domains  \  ith  slits.  We  also  denote  by 
V  the  outward-pointing  unit  vector  normal  to  Q  which  is  defined  on  OQ  \  {zi , . . . ,  c;v}  Juid 
by  \j  its  constant  vain  ■  on  F^.  Similarly  ct  and  (Jj  refer  to  the  counterclockwise  tangent 
vector. 


Si  ppos('  that  U  G  lF^’"*"‘(n)  satisfies  (1.1)  and  vanishes  on  dQ.  Then,  of  course, 
f  --  0.  In  addition  dU/dOj  =  0  on  F^  and  dU/doj+i  =  0  on  F^+i.  For  s  >  2/p 
the  Sobolev  imbed<ling  theorem  implies  that  both  the  directional  derivatives  dU/dOj  and 
d\J /do are  continiu  us  on  Q.  so  they  both  vanish  at  Zj.  Since  the  vectors  Oj  and 
are  linearly  independei  ,  it  follows  that  /  =  divU  vanishes  at  Zj.  Define 


(3.1) 


iV;  «). 

{f  e\v;{il)\f{zj)  =  o,  ,;  =  1,...,A'}, 


0  <  s  <  2/p, 
a|,  s-2/p, 
s  >  2/p. 


C 


This  siHicc  is  iionnc'd  l)y  tlii'  restriction  of  the  U'*  uoini  except  if  .s  =  '2/ p  in  which  case 
we  take  tlu;  norm  to  he 


vv’;(n) 


.  ,  ^  f  l/(~')l'’ 

+  2^  /  I,  _  -  .12 
~j\ 


We  have  just  seen  that  for  ^  >  0,  s  ^  2/p, 


dhi[w;+\n)nw;iQ)f)c\v;m. 


This  is  also  true  if  s  =  2/p,  as  we  now  demonstrate.  For  any  <p  £  TTp^^^^(Q)  fl  IFp(Q)  the 
tangential  derivative  d4>/da  vanishes  on  evt  ry  edge.  In  light  of  (2.G)  it  follows  that 


\d(l>{z)/daj\ 


\d<f>iz)/daj 


Since  Cj  and  crj+i  arc  linearly  independent, 

f  I  grad  (i){z)\P 

in 


dz  '  oo. 


The  inclusion  (3.2)  follows  by  application  of  this  result  componentwise  to  U. 

The  next  theorem  is  our  main  result  for  homoge  neous  boundary  conditions.  It  shows 
that  in  fact  equality  holds  in  (3.2)  and  that  the  divergence  operator  admits  a  bounded 
right  inverse  which  does  not  depend  on  s  or  p. 

Theorem  3.1.  Let  1  <  p  <  oo,  s  >  0.  I{p^2  suppose  that  s  —  1/p  ^  Z.  Then  there 
exists  a  bounded  linear  map 

c :  W;(SI)  ^  iwp'{n)nwpn)f 

such  that  divT(/)  =  /  for  all  f  £  iyp(f2).  The  ope  ator  C  may  be  chosen  independently 
of  s  and  p.  ’ 

Remark.  We  conjecture  that  the  hypothesis  that  s  —  1/p^Zis  unnecessary  for  all  p, 
:iot  just  2)  =  2.  However  this  hyi)othcsis  is  necessary  for  certain  trace  results  we  use  in  our 
j)roof.  See  the  remark  to  Theorem  4.1. 

Several  ingredients  of  the  proof  of  this  theorem  will  be  developed  in  the  next  three 
sections.  These  ingredients  assembled,  the  proof  of  Theorem  3.1  becomes  very  short.  It 
is  given  in  the  last  section  of  this  paper.  The  analogue  of  Theorem  3.1  for  the  case  of 
inhomogeneous  boundary  conditions  is  also  true.  This  result  is  stated  as  Theorem  7.1. 

^Morc  precisely,  there  is  a  linear  operator 

r::y 

r 

such  that  for  each  s  and  ]),  C  nia|)s  li'pffi)  loinah  lly  into  [lyp"*"' (fi)  n  . 
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■1.  A  result  concerning  traces  on  a  line.  In  the  case  of  a  smc^oth  Ijouiuhuy.  tlie 
1  iK't ion  of  a  solutii'ii  of  (1.1)  vanishing  on  Oil  as  sketched  in  Section  1  was  Ijtised  on 
tiu'  ex'isteuce  of  a  function  ir  wliose  curl  coincides  witli  the  m  gativt'  gradient  of  an(')tht  r 
function  u  on  the  l)oundar_\'.  In  extending  this  constructi(>n  to  the-  case  of  a  polygon,  we 
need  to  know  what  vc'ctorhelds  nia}'  aris<'  on  :i  ])olygonal  l)ou;idary  as  the  trtices  of  curls 
or  grathents.  The  nudii  restdts  of  s('ction  C,  Theorem  G.2  and  Corollary  G.3,  pro\'icU‘  the 
answt'r.  In  deriving  them,  we  mxxi  a  collection  of  other  trace  theorems,  starting  with 
those'  of  this  section  regarding  trace's  of  a  function  of  two  variable's  on  a  line.  Let  S{  '. ) 
eh-note  the'  Schwartz  space',  i.<'.,  the'  s])ae:e  of  functions  of  one  variable,  all  of  wlit'Se 
eh'rivatives  dee'ie'tise  faste'i'  than  ;my  polyiuunitd  ;it  infinity,  and  let  ^^'(R)  denote  its  dual. 
Let  de'iiote'  the'  subse't  of  consisting  of  vcctea's  having  at  most  a 

finite  lunnl.'e'r  e-if  non-ze.'ro  e'litrie's.  Given  subspaces  Vj  C  .5^(R),  0  <  j  <  m.  we  view  the 
Carte'sian  product  [IJLo  ^'j  itttturally  as  a  .subspace  of  0^0  setting  all  entries 

with  indf'.x  gretitt'r  th;ui  in  to  ze'ro. 

Ti(I:ori:.\I  4.1.  Let  .s  mid  p  d('n()te  real  numbers  such  that  1  <  p  <  oo,  s  >  1/p.  If 
p  ^  2  a.ssunie'  that  s  -  l/j>  ^  Z.  Then  the  trace  map 


a  e—  -liu  := 


i! 


maps 


■)  bound(  dly  onto  H’,)'  *'^(R)  provided  j  <  s  —  1/p.  Moreover,  there  is  a 


i'x  :  05'{R)  -  (  "(R-\(R  X  {0})) 

such  that,  iff  --  ifi)  G  ri'jLu  "'/>  ^  "  th  in  <  -  1/p.  the. 

tn 

ll '“•J' ^11  C  f-  .i.p  W.f j  |j,«  — 1  / r.;i,R 


ll 


i 


-p::'.',  IT 
2  I  Ir  [oT 
rhc-:i  thr  t 


■  (l!  He'iii-e  lorth  We' aveiiel  I  he' e'ase' .s  —  1/p  inte'gral  if  ye 2.  since' in  this  case', 

:  'he  flac’e-  eipeiateir  i.>  a  Be'.'.i>\'  spae'e'  wllie'h  doe's  Ileit  I'oUl'  leh'  With  ail}'  Se)l)ole'\' 
1 .  C  ha pf  ('1  I  . 

fieiui  the'  rhe'ore'iii  that,  if  c  —  t'l  i  fit . .  f),  0. ...  i  w.th  fj  G  ir/  ■' 


(  •.(>)  =  0 


a;,  a  f  Iiictioii  ill  U'/,'  piovidcJ  m  <  A'  <  >  -  1/p.  By  the  Soliolev  iinbeildiiig 

tln'OIl'lll. 


O.r  'Dll '' 


(./•,())  =().  ./•  fc  R. 


(ill  till  pointwise  sense)  provided  n>  <  k  and  j  -  k  <  .s  --  2//i. 

Phiof.  The  asserted  proiierties  of  thv  tiaee  operators  7/  are  standard,  cf.  [3]  and  [/]. 
Since  we  rec^uire  a  fixed  c'Xtension  operator  Tj-.  indi'pendent  ot  we  include  a  detailed 
derivation  of  this  part  of  the  result.  Om  constructioi:  extends  th:it  ^iven  in  [7].  het  5  be 
a  function  in  5(R)  whicii  satisfies 


/  S(t)dt 
Jr 


Such  a  function  exists,  as  is  easily  seen  t  dug  tla'  Fourier  transform.  .  These  conditions 

transhite  to  choosing  (.F’S)(0)  =  1  am  J  =  f"'2 .  Since  is 

an  isomorphism  on  iS'(R),  we  can  choos<  S  €  *S(R)  with  these  propiu'ties  as  follows:  let 
\  G  C^(R)  be  any  function  that  is  identi  adly  one  in  a  neighl.iorhoo  1  of  the  origin,  and  -et 
5  =  Now  we  define 

v{x,y)  =  iN(/o,  /i - )(x,ii) 

00  j  M 

S(f)fj(x  +  iif)(lf.  (.".!/)€  R“  \  (R  {0} )' 

;  =  0 

where  again.  \  G  Cq’^(R)  is  any  function  that  is  idimtictdly  one  in  a  neighliorhood  of 
the  origin.  Note  that  only  <i  finite  number  of  terms  in  (1.2)  are  non-zero  liecause  we  are 
assuming  that  )  G  is  easy  to  \'e:  ifv  t  hat  c  has  th(' asserted  traces. 

Till'  lioundedness  of  Sr  from  IljLo  ^  U'/fR-)  follows  from  the  following 

result.  [] 

Lf.MMA  4.2.  Let  J  l)C  a  nonnegaf ne  i  ite’xrr.  S  G  N,  R).  \  G  CN  Rl.  atid  /  G 
Define 


ri.i.i/)  —  \  (!/]!l'  /  •?(  i./(.r  ^  iit'ult.  i.c.yi  G  R' 


Then,  far  any  i  ’iil  p  with  1  <  p 
hoiwb 


aad  t  /  -i-  1,'/'  with  --  1  a  </  Z  if  ]'  ^  2.  fiiere 


,!  -.i-.K-  7:  (  .1  .  H- J-  1 ,  (.  ;..R' 


The  con.sfanf  (  depends  on  \.  .S.  and  ji  Tut  not  on  / 


Piooi  het 


'  .r.  '/  >  ..  (/'  /  Si  l  )fi  .1  t  (//  /  lit . 


For  any  positive  integers  k  >  j,  there  are  coefficients  cq,  . . .  ,Cj  and  a  function  Skj  G  ‘^(R) 
such  that 


(It 
j-i 


O^XV  I  f 

=  s(t)f 

1=0 

I  (It)  +  yt)dt 

1=0  ^ 

-i 

=  :  /  +  yt)(lt 

Jr 


Similarly,  for  positive  integers  k  <  j,  there  exists  a  function  Skj  6  <5tR)  such  that 


d’^zv 


dyT^^'y^  +  yt) dt. 


That  is,  for  any  integers  k  and  j, 


d^zo 


Ax,y)  =  y 


max{j-M}  f  Skjit)A”'’^^^'‘-^’^^\x  +  Zjt)dt. 

Jr 


For  differentiation  with  respect  to  x,  we  get 


y)  =  •  +  yt)  dt 

with  some  function  Skj  G  >S(R)  .  Combining  these  formulas,  we  have  for  any  multi-index 
a  that 

where  Sa  G  ‘S‘(R).  Leibniz’  rule  then  gives 

Ii'L;(x,y)  =  ^  x{y)D^A^'^y) 

/?<a 

(4.3) 


for  some  Xo  i  G  C^(R). 


Now  for  S  G  <5(R),  /  G  C,f^(R),  and  any  real  y.  Young's  inequality  gives 


S{t)f{.r  +  yt)<lt\  rb-  <  {  /  |5(<)|Jt  /  |/(x)|'’dx. 


In  vii'W  of  (4.3)  and  (4.4)  the  ease  of  integer  s  reduces  to  proving  that  if  S  G  <?(R). 
/  G  C;f  (R),  then 


R2  |./R 


yi)dt  dxdj/ <  Csll/llf. 


l/p.;i.R' 


To  show  this,  set 


(x,y)=  f  S{t)f'{x  +  yt)dt=  f  (-\/y)S'{t)f[x  +  i/t)dt 

Jr  Jr 

=  ^(l/y)S'(t)[/(x)  -  fix  +  yt)]dt  = 


From  Holder's  inequality,  we  find 


l'y(-T,y)l' 


Fuhini’s  Theoteiu  thus  vields 


+  yOi'’ 


|y(x,  y)\^’  dxdy  <  Cs 


'  - TTTT - dtdxdy 

R3  \yiv 


p  Kr 

|/(x)  -  /(X  +  e)!'’ 


dt  dx  dz 


wh  ch  is  the  desired  estimate  (4.5).  This  establishes  the  theorem  for  integer  s.  Interpolation 
Ix'tween  consecutive  integers  then  gives  the  theorem  for  all  real  '  >  y  +  1- 

To  complete  the  proof,  we  now  consider  the  case  j  -f  1/p  <  .■>  <  j  +  1-  In  view  of  (4.3) 
and  (4.4)  ,  it  suffices  to  show  that  for  |a|  =  j  we  have 


lD“i>(x,  y)  -  D’b'ix.  y)!'’ 


Jrwrj  l(j-.  y)  -  (j-.y)!^'''** 

<  C\\f\\s-j~l/p.„.R- 


dx  dy  dx  dy 


Because  of  (4.3)  this  reduces  to  showing  tint  for  S  G  «5(R),  /  G  C^(R),  and  y  defined  by 


•^y)  =  / 
Jr 


S'(t)/(x  +  xjt)dt 


we  have 


<  Cs-||/||»-1/p,7),R 

provitlod  that  1/  <  5  <  1.  To  show  this,  we  estimate: 


\(ji  y)  -  (Ai^  y)\^  <  /  S{t)[f(x  +  yt)  -  f(x  +  yt)]  dt 


< 


Thus 


\yf 


s,p,R^ 


Cs  f  15(t)!  |/(x  +  yt)  -  f{x  +  yt)\’’  dt. 

Jr 


iF  +  (y-y)2|'+^''  - 


-  dt  dx  dy  dx  dy. 


A  simple  change  of  variables  vields 

III 


[/(■'^  +  y^)  - /(x  +  yt)|P 

l‘^(  0 1  I  /  '  \2  I  f  "^2  1 1+5 d/2 

R3  \{X  -  I'Y  +  (y  -  y)2|l+^P/2 


III 


.e/.ol/(^  +  yO -/(i  +  yOr'  K-C'-yO- (5 +  ."0I*^ 

|(x  +  yt)-(x  +  yt)hP  i(x-.-)^  +  ( 


-III 


1/(0 -/(y)l' 


|5  OII/-yr 


'r3  |[(^-yO-(y  -  yOP  +  (y  - 

Thus  to  verify  (4.6)  it  is  sufficient  to  show  that 

\S(t)\dtdydy  ^  Cs 


dt  d^  dr}. 


IIIr3  |[a  -  (t, 


< 


(y  -  y)t]2  +  (y  -  y)2]i+*P/2  |al*P’ 


a  G  R. 


A  simple  computation  gives 
\S{t)\dt  ^ 


L 


< 


l(a  -  bt)'^  -  62|'+^/'/2  -  |a2  +  621J+-P/2 
because 

[(a  ~  bt)^-  +  b-]il  +  t"^)  >  {a^  +  b'^)/2. 

Therefore 


IIIr  I1»-(!/- 


|5(f)|  dtdy  dy 


<-^Af  r 

//rj  [a 


dy  dy 


C'c 


+  {y  -  lap'’’ 


y)<P  •Ky-y)"l‘+"'’/'‘ 

This  cstab.ishes  the  lemma,  and  thus  the  theoren  .  under  the  assumption  that  fj  G  C^(R 
The  theorc  n  now  follows  f  )r  all  j  by  a  density  rgument.  Q 

Ucmnrk.  For  (/j)  G  0,=o‘^'b^)’ 


^  ‘-j(/j)  _  c  (  J.  —  1  9 

dx^  >' 
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5.  Traces  on  intersecting  half-lines.  Theorem  4.1  concerns  the  traces  of  a 
function  on  a  line.  Using  a  simple  argument  involving  a  partition  of  unity  and  local 
coordinates  it  is  easy  to  extend  it  to  cover  trace;  on  smooth  curves.  Since  we  are  interested 
in  polygons,  however,  we  will  need  a  result  an  dogous  to  Theorem  4.1  for  traces  on  two 
intersecting  line  segments.  To  state  this  result,  •  e  require  some  notation.  By  R-|.  we  denote 
the  set  of  positive  real  numbers.  Let 

W)=  f  t-^\f{t)\’>dt. 

Jo 

For  m  a  nonnegative  integer  and  s  >  m  +  \/p  define  to  be  the  space  of  pairs  of 
{m  +  1)- tuples 


m  m 

(5.1)  e  n H'r'''^'(R+)  >>  n 

j=0  7=0 

satisfying 

(5.2)  ffUo)  =  0  <  j,k  <m,  j  +  k<s-  2/p, 

(5.3)  -  t/[.’'^)  <  oo,  0  <  j,  k  <  tn,  j  +  k  =  s  -  2/p. 

Note  that  (5.3)  only  applies  if  s  —  2/p  is  integral.  The  space  A'J^  is  a  Banach  space  with 
the  norm  ||  ((/j),  (t/j ))  ILv-  given  by 

(|I.^./IIs-7-i/p,p,R+  +  l!i'ilir-7-i/p,p,R+)^ 
if  s  —  2/p  is  not  an  integer,  and 


in 

XI  (li^Hi-7-l/p.p,R+  +  l!i'jlll-7-l/p,p,R+)  XI  ^ 


Vp 


0<j,k<m 
,  +  fc=r 


if  r  =  .9  —  2/p  is  an  integer. 


Theorem  5.1.  Let  m  he  a  nonnegative  integer  and  s  and  p  real  numbers  with  1  < 
p  <  oo  and  s  >  m  +  1/p.  If  p  ^  2  suppose  that  s  —  1/p  /  Z.  Then  the  trace  map 


(5.  1) 


U 


m 


7=0 
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maps  IFp(R'^)  boundcdly  onto  and  admits  a  bounded  right  immerse 


TL  •  opera  or  5^"  is  independent  of  s  and  p. 

Proof  Our  proof  is  similar  to  that  of  [3,  Theorem  1.5. 2. 4].  Fi  .-st  of  all,  we  show  that 
th<  operator  defined  in  (5.4)  maps  VFp(R^)  into  X^.  Let  u  E  VFp(R^),  and  set 

By  the  Sobolev  imbedding  theorem  d^'^^u/dx^dy^  is  continuous  on  R^  for  k  +  j  <  s  —  2/p, 
so  (5.2)  holds.  If  s  =  77i  +2/p  and  k  +  j  =  m,  then  we  apply  Lemm  i  2.1  to  d"*u/dx^ dy^  to 
infer  (5.3).  Now  we  define,  in  several  steps,  the  operator  5/”.  Let  denote  the  extension 
operator  in  Theorem  4.1.  Let  Tv.”*  denote  the  vector  of  m  +  1  rest  ictions 


Let  £y  and  71’^  denote  the  corresponding  oper  itors  with  the  x  and  y  variables  reversed, 
e.g., 

/  ti 

:=(u(0,.),^(0, ^(0,-) 


dx^ 


\ 

b 


First  extend  each  fj  and  gj  as  fui  ctions  in  T'F/~'^~^^^(R)  with  an  extension  that  is  indepen¬ 
dent  of  s  and  p.  (Cf.  [9,  Chapter  17]  or  [10,  Chapter  6].)  Explicitly  we  t:  ke  the  extension 
(T  jj  given  by 

poo 

/j(,r)  =  /  X{s)fji-sx)ds,  X  <  0, 

Jo 

and  similarly  for  gj.  Here  A  is  chosen  to  be  bounded,  smooth  for  <  >  0,  rapidly  decreasing 
at  infinity,  and  satisfying 

poo 

(5.5)  /  {-t)'‘X{t)dt  =  1,  A- =  0,1,2,.... 

Jo 

For  example,  we  can  take  A(f)  =  where  /?  €  5(R)  is  an  odd  function  that  satisfies 

f  dt  =  {-1)\  fc  =  0,1,2,.... 

Jh 


In  particular,  we  can  take  iFR(^)  =  i(sinh^)\(0  where  x  is  any  even  function  in  C^(R) 
that  is  identically  one  in  a  neighborhood  of  the  origin  and  if  is  the  Fourier  transform. 


Let  f  (n.'si).  g)  denote  the*  vector  of  extensions  of  the  boundaiy  data  (fj)  on  the  j-axis 
(resp.  {(/j)  on  the  y-axis).  Di'finc 

a  =  R"'£yg)  +  t'yg- 

Note  that  Tv"*'’  =  ^  because  Tv"* 5^  is  the  lentity  operator.  Also 


n'::v  =  R’:eA(-R7£y&)  +  s- 


Defin< 


h  =  g-T?;e=  T^"'f.(f-Ti:;’f,g). 

[f  rn  <  k  and  k  +  j  <  s  —  '2/p,  then  /^J  *(())  =  0  since  (4.1)  implies 

^f,,f-7C™f.g,(0,0)  =  0. 


If  A:  <  III  and  k  +  j  <  -s  —  then 


=  yy-'io)  -,/•;/’((■)) 


which  is  zero  in  view  of  (5.2).  Also,  if  k  =  >  —  j  -  1/p,  then 
TPfiA^A  _  f  .*-1  r\l  .It 


dxWij^ 
dxJdp^  ^ 


<m/A  + 

<  c\\  ((/,)"L„,(9,)”  „)  l|.v~  <  cn:-, 

where  we  have  used  Lemma  2.1  in  the  third  i  lequahty.  Thus,  the  function  hj  which  agn  es 
with  hj  on  R+  and  vanishes  for  tj  <  0  belon;  ^  to  II  p  and  satisfies 

l|/.,ll,_,_,/p.p,R  <  q|  (/;)7=  ,.('/;);=o)ll.vr.. 

The  function  ir  =  Sy{ho^  •  •  •  ■  )  satisfies 

I  ^  0<y<oo, 


L  0,  —  oo  <  y  <  0. 

for  y  :::  0, . .  .  ,  VI.  Finally  we  set  {pj})  =  u  with  (see  (5.5)) 


u(x,y)  =  i'{x,y)  +  u-(x,y) 


,y)-  / 

Jo 


A(s)u'(x, -sy)  f/.s,  (x,y)eR^. 


O'^u  O'^v 

Note  that  the  hist  tern  insures  that  -:^(x,0)  =  ^-j(x.O)  =  /j(x)  for  y  =  0, . .  .,m.  Q 


G.  Extension  to  general  domains.  Traces  of  curls  and  gradients.  We  now 

extend  Theorem  5.1  from  the  case  of  a  single  l  orner  to  a  polygonal  domain.  For  simplicity 
of  notation,  and  since  this  is  all  we  need  to  piove  our  main  theorem,  we  consider  only  the 
cases  m  —  0  and  7n  =  1.  We  use  the  notatio  i  of  section  3  for  a  polygonal  domain.  If  / 
and  //  aie  functions  defined  on  r„  and  r„4i  r<  spectively,  we  set 

=  n  -  tOn)  -  gizn  +  ta„  (it 

j  where  (  =  minj-i^..,^;V 

For  .s  >  1/p  we  define  to  be  the  space  of  jV-tuple 

(C.l) 

I 
I 

I  satisfying 

(G.2) 

for  71  =  1, . . . ,  Ah  The  space  X^p{dQ)  is  a  Banach  space  with  the  norm  ||(<;!>n)^Li 
given  by  (.4i  +  .42)’^^  where 


N 


»l=l 


In{<>n,<i>n-i-l  )  <  -K),  if  S  =  2/p 

4>ni^n)  =  <f>n+l{z,),  ifs>2/p. 


Jo 


N 


-  X! 


n=l 


.42  = 


+  S=2/p, 

0,  otherwise. 


For  s  >  1  +  1/p  we  define  A’jp(cin)  to  be  the  space  of  A^-tujiles  of  i)airs 

N 

n  =  l 

satisfying 

^)(  (  7^  1  “Ti  I  "t”  +  1  + 1  )  ^  ^ ' 

uOn  OOtt  +  l 


if  s  =  1  +  2//). 


1C 


'A* 

i 

*•1 

H 


f 

:» 

*•! 

V 
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I 


(^^CT,.  +  V„v„)  (;„)  =  -cr„  +  i  ^  if5>l  +  2/ 


,,,  d'^(p„  Oli'n  t>*0.i  +  l  ,  5l/'„+l 

■  *^"+i  +  +  ■  ‘^».  +  i  -I  - 


-t-  1  *  ' 


if  .s  =  2  +  2/ p. 


d-0n  ,  Oil',,  V  ,^^‘^'•  +  1  ,  ^''■'>  +  1  „  ^ 

^  )  ^11  ■  ^11  + 1  “f  ^  ^11  ■  ^11  +  1  )(  '  II  )  (  /-\  2  ^'1  + 1  'f  ^11  + 1  "  ^/i  )( *- 11 )  1 

5a-  5a„  5af,^,  5a„  +  i 


if  ^  >  2  +  2/p. 


fm-  n  =  1 . iV.  The  spaci*  A‘*  (5fi)  is  a  Banach  space  with  the  norm 


V 

II  (<3f>„,  V„)„^,  ll.v'  (asp 


given  by  (Di  +  wh('re 


.V 


Sn=l  +  +  l  *>'’11  + 1  ■''n  + 1  )•  5  —  1  -(-  2/p. 

,  5Zii=i  '  ^'*+'  "f 


<■'  C^n  +  l 


a„  •  a„  +  ,  +  +  i  -  a,,),  ^  =  2  -F  2/p, 

o  +  * 


otherwise. 


ThIvOUEM  G.l,  Lrt  s  unci  p  (IvncUc  real  numbers  such  thut  1  <  p  <  cc,  .s  >  1/p.  If 
p  2  a.ssinne  that  .s  —  1/p  ^  Z.  Then  the  trace  map 

»  ^  I  "I I',.  ),?=] 

ma/>s  ]r/(S2)  bonndeilly  (into  X'J^,{dil)  unci  admits  a  bounded  irj;ht  inverse 

If  in  addition  s  >  1  +  1  / j>.  then  the  trace  maj> 
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lii.i/js  botuulcdly  oiifo  A  mid  ndniit'-  a  bounded  ri^ht  inverse 

sl  :Xl,,(On) 

Both  the  (^periitors  nnd  ajc  independent  of  s  and  />. 

Proof  We  can  <  Oil  with  a  tinit<'  colhvtinii  of  op('ii  sots  such  that  each  set  in  this 
collection  ina\’  l>e  mapp'd  h}-  an  invtntihle  athne  i  lap  onto  the  scpiare  (—1.1)  x  (—1,1)  in 
such  a  way  that  the  inte  section  of  the  set  with  Q  s  mappcfl  onto  one  of  the  following  sets: 
(  -  1,  1 )  X  (0,  1 ),  (0,  1 )  X  0.  1 ).  cn- (  -  1.  1 )  X  (  -  1.  1  \  [0, 1]  X  [0, 1].  In  light  of  Theorem  5. 1 
and  the  i  xtension  theorem  for  Sol>oU‘v  spaces,  a  ■  imple  i)artition  of  unity  argument  gives 
the  present  result,  Q 

We  can  now  characterize  the  traces  of  curls  ot  IT*  functions.  Let  Z^^(dQ)  (.s  >  1  +  1/p) 
denote  the  s)ihsj)ac('  of  .V-tuples  of  vector- valued  functions 

(0.3)  (4-„);L.  €  n  ”'r'"‘^'’(T,.)  X  u';-’-'/'-(r„) 

»i=i 

■'ati.-'fying 


|G.7 ) 

4’,.  ■  =  0. 

(C.S) 

.4)„  +  l  )  <  oc-, 

if  s 

=  1  +  2/p, 

(G.9) 

tl'ii  (  '  II 

)  —  4’ii-l-l  (~n  )• 

if  s 

>  1  +  2/p, 

(G.IOI 

,  (9v1j„  ■  V„  +  1 

"  0a„ 

54)i.-+-i  • 

.  — - )  <  <x. 

if 

=  2  +  2/p, 

iG.ll) 

^4’m  •  'v-i-ri  , . 

1  ^  M 

0o„ 

,  54’ m-i  , 

)  -  1  -  1-  )' 

if  .s 

>  2  +  2/p. 

7  hi,-'  sp.'i/'c 

IS  normed  in  tin'  usu;d  w;iy. 

I  III Olil  .\1  C.2.  Let  s  ;ind  p  denote  reni  ninnbers  such  that  1  <  p  <  oo,  s  >  1  +  1/p.  T 
ji  y  2  ,i.-.siuw  thtit  .s  —  l/y;  ^  Z.  Then  the  operator 

(d  ]2i  II  >— ►  (curl  a|i'., 

lijayo  U’/C'i  bouudedly  onto  Z/(c)ll).  and  admits  a  bounded  right  inverse  Scuri  ^vhich  is 
llldepfitdei  t  of  s  and  l>. 

Proof  That  the  (jjierator  in  (G.12)  mn[>s  it  into  Z^^((9Q)  follows  from  the  continuity  and 
tiace  ])iop'  ties  of  curb/  tind  O' ii /do„do„^\ .  Gi-'en  (4>,i)  wo  define  ^rurl((tpn))  it-S  follows. 
For  c  G  Oil  let  ^ 

',''(;)  =  i|i-vrc/,sr, 

IS 


(the  integral  taken  eounterclcx’kwise  along  F)  and  set 


Qn  =  Olr.,  .  i’n  =  -4’.  -  O'..-  7)  =  1,  .  .  .  ,  .V. 

It  is  ('asy  to  vei  ty  that  (ik,,)  G  implies  G  VVe  set 

W,irl((4>„))  =  F',((<^„,V’»))-  0 

We  conclude  this  section  by  showing  that  rhe  trace  of  the  gradient  of  a  Wp(f2)  function 

i^  also  in  Z^’(5Q)  as  long  as  the  function  sati  ties  some  necessary  compatibility  conditions. 

A 

Namely  we  define  the  subsi)ace  irp(O)  of  IFNQ)  for  s  >  2  as  follows.  For  s  <  2  +  2/p, 


(1.13) 


for  s  >  2  +  2/p, 


U’iifl) 


u  G  W;{Q)  I  ^  Au  =  0  I  ; 


iF;,(n)=  ue\v;.{n)\  /  Au  =  o,  Au(^,)  =  o,  ;  =  ; 


and  for  s  =  2  +  2/p, 


n’i{Q)  =  a  G  ii-;(Q)  1 


Ju  Jq  k  - 


<  oo,  j  =  ^  . 


The  Banach  norm  on  IFplll)  is  tlie  restriction  of  the  IF^  norjii  exct  ])t  if  s  =  2  +  2/p,  in 
which  case 


u  ’..o  + 


k  - 


n’'(n) 


Co  iOI.I.AKY  G.3.  If  s  >  2,  then  the  operator 

u  s->  (grad  7<|r„),y=, 

ma])s  lFp(i2)  boundedly  into  Z/,(dQ). 

A 

Proof.  It  suffices  to  verify  conditions  (G.7)-(G.ll)  for  47  =  grad  u,  it  G  IFp(fl).  The  first 

A^ 

condition  holds  since  f  A/t  =  0  for  u  G  IF*!  12): 


t  /  (gn,d„).v,  =  /^|i  =  /^A.,=0. 


U- ' 


Conclitioii  (G.9)  follows  from  the  continuity  of  grad  u  on  Q  if  s  >  1  +  2/p,  and  similarly 
(G.S)  follows  from  tlu'  inclusion  of  (gradti)|p  in  if  s  =  1  +  2/p.  To  verify  (G.IO) 

and  (G.ll),  we  note  tliatjgrad u)  •  \  =  dii/chr,  so 


0{  grad  ri  •  ^,1+ 1 )  d{  grad  u  •  )  d~  u 


dhi 


=  -(t^n  +  l  ■  'V'n)Au. 


OcTfi  Ooffdyii+i  II 

If  .s  >  2  +  2/p,  then  Au(zj)  —  0  by  definition,  so  (G.ll)  holds.  If  s  =  2  +  2/p,  then 
0(  grad  u  •  1 )  d{  grad  u  •  v„ ) ' 


n: 


Da,  I 


Da„^  1 

r' 

=  /  t 


-  ta,,)-  +  ta„+^)\Pdt 


<  C  (  / 


5CT„ch/„  +  ,  <>(T,.  +  iC>V„ 

D'u  D’u 

- - - (Zn  -  ta„  -  - - - - (z„  +  + 

0  do„d\„^i  da„dy,i  +  i 


+  f  t  '  lA(/(r„  + /a,,-).]  )|^’ f/t 

JO 


<C( 


+ 1 


|Ai/.(0„  +  /a„4.]  )\P  (It 


For  the  las’  inequality  we  have  used  Lemma  2.1.  The  estimate  (G.IO)  now  follows  imme¬ 
diately  in  light  of  Lemma  2.2.  Q 


7.  Proof  of  the  main  result.  Inhomogeneous  boundary  conditions.  We  now 

prova'  Theorem  3.1.  Given  /  €  for  .some  1  <  p  <  cx  and  .s  >  0  with  s  —  1/p 

nonintegral  in  the  case  p  ^  2,  extend  /  boundedly  to  an  open  disc  containing  (l  and 
define  u  as  the  solution  to  Au  =  /  which  vanishes  on  the  beemdary  of  the  disk.  Then 


€  and  l|a||  <  C'||/l| ri/,(Qi  In  light  of  Coro'iarv  6.3  and  Theorem  6.2, 

u'+ho) 


we 


may  define  w  —  -Fcri  “  lr„  filLi  ^  ‘ind  thus  we  have  curl  u’  =  —  gradu  on  dfl 

and  ||u.’||,_,.9  p  f2  <  G'||»||  a  .  Setting  £(  f)  =  gradu  -f-curluj  gives  the  desired  operator. 

This  completes  the  j)i'ocjf. 

Let  us  consider  the  case  of  inhomogenef)us  boundary  data.  For  5  >  1/p  we  set 

2 


x'pa'.i)  =  l.Y.Vaf!)]  . 


g  e  X'l  {00}  iiioaiis  that  g  =  (gi,--*  ,g  )  with  gn  €  iV,  '^''(Tn)  satisfying  the 


com 


lifious  given  by  (G.2).  For  .s  >  0  we  defii  ■  Vpi^)  to  be  the  space  consisting  of  those 


pairs 

(7.1) 


(/.g)6  w;(fi)  <  p(5Q) 

2( 


tor  wliicli 


(7.2) 

(7.3) 

(7.4) 


/''( 


+  1 


,  •  'V„+| 


n  -i-  1  0(J n 


\  da 


<1+1 


0a„ 


.v„  •  a„  +  i/)  < 

=  •  CT„+i/(r„  ). 


if  =  2//+ 


if  >  2/i,. 


It  is  not  (  ifficnlt  to  sc-c  that  a  nocnssary  coiidition  for  tlie  exist  cnee  of  U  £  ( 12  )J 

satisfying 


(7.5) 


div  U  =  /  in  Q, 

U  =  g  on  Oi}. 


is  that  (/.  g)  G  K^;''(f2).  The  following  theorcni  shows  tl  at  thi-  condition  is  also  sufficient 
and  that  the  problem  (7.5)  admits  ti  bounded  right  inv(>  se  which  do-'s  not  depend  on  or 

P- 


Tlli:oitEM  7.1.  Let  1  <  p  <  oc.  s  >  0.  If  p  f  2  .sup  <ose  thnt  ,s  -  1/p  ^  Z.  Then  their 
exi.sts  a  bounded  linear  maj> 


such  thnt  'or  any  (/,  g)  €  V';’(f2  ,  the  fuiiciion  U  :=  fC{  f,  g)  solves  (7.5).  The  operator  K 
may  he  chosen  independent  of .  and  p. 

Proof  For(/,g)  G  Vjf(f2),  the  function  V  =  G  [n'/+'(fl)]‘  satisfies  V  =  g  on  Oil. 
Indeed,  tl  is  follows  from  Theorem  G.l  since  g  G  ^.(c^Q).  The  conditions  (7.2)  (7.4) 

h;ive  be('n  chosen  precisely  to  guarantee  that 

/-divVG  ir;(Q). 


Then  fore  i  he  operator 


fCif.g)  :^C(f-  div  V)  +  V  =  df  -  divf^g)  +  dg 


has  th('  desired  properties.  [] 
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